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Abstract

The 2 x 2 complex matrix formulation of relativity and the two-component spin-1
formalism are merged with the complex quaternion algebra to yield a concise, manifestly
covariant formalism of relativistic quantum mechanics. Along with reproducing all the
old results of quantum theory, this complex quaternion formulation extends naturally
the concept of scalar mass by adding to it orientation- and velocity-dependent parts
giving a hyper-mass. The hyper-mass spin-} equation, with the scalar part of the mass
set equal to zero, gives a subtle variation on the two-component neutrino theory with
very unsubtle consequences, such as an invariant mass parameter which could distinguish
ve and v, and elimination of the superposition principle.

1. Introduction

The real quaternion field is well known to most mathematicians from
group theory, but it is not so generally known in the physics community.
Most physicists are very familiar with the algebra of Pauli matrices, which
is very similar to that of quaternions as we show in the next section. The
relative merits of the quaternion formulation, due to Hamilton and
supported by Tait, and the newer vector analysis of Gibbs and Heaviside
was hotly disputed (Bork, 1966) from about 1880 to 1900. The vector
enthusiasts won out, obviously; but as we shall see, Hamilton’s quaternions
are well suited for relativistic problems. Einstein’s four-dimensional space-
time was not introduced until 1905, when the vector formalism was already
well established. The quaternion formalism is directly applicable to three
space and one time dimension, and to spin-1. To a mathematician this is a
severe limitation, but for the real world at a fundamental level these con-
ditions appear to dominate. In any case, Hestenes (1966, 1968, 1971) and
others have shown how to generalize this approach, using Clifford’s algebra
to obtain a ‘multi-vector’ formulation applicable to any dimensional space.
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In recent years there has been considerable interest in finding useful
generalizations of quantum mechanics (Giirsey, 1956a, 1958 ; Misra, 1960;
Phipps, 1960; Pais, 1961; Tiomno, 1963; Jordan, 1968; Penney, 1968;
Biedenharn et al., 1971), many of these involving quaternions (Klein, 1911;
Lanczos, 1929; Birkhoff & von Neumann, 1936; Conway, 1937; Brand,
1947; Yang & Mills, 1954; Giirsey, 1956a, b, ¢; Schremp, 1959; Kaneno,
1960; Allcock, 1961; Dyson, 1962; Finkelstein et al., 1962a, b; Winans,
1962; Emch, 1963; Finkelstein et al., 1963; Jen&, 1966; Natarajan &
Viswanath, 1967). Because of the excellent agreement between standard
non-relativistic quantum mechanics and experiment, we should expect that
any useful generalization must involve the relativistic realm where the
existing theories have obvious shortcomings.

The 2 x 2 complex matrices provide the bridge between conventional
tensor analysis and quaternion analysis. Recently, Sachs has shown how
to formulate Einstein’s general relativity using 2 x 2 complex matrices
(Newman & Penrose, 1962; Rastall, 1964; Sachs, 1968, 1970). Wightman,
MacFarlane, and others have shown how to formulate Lorentz trans-
formations using 2 x 2 complex matrices [the group SL(2, C)] (MacFarlane,
1962; Naimark, 1964; Streater & Wightman, 1961; Carruthers, 1966).
MacFarlane’s extensive treatment contains the equivalent of the Lorentz
transformation results summarized in this paper, though the notation is
different. An elegant treatment of Dirac theory in terms of a two-component
wave equation has been given by Brown (1962), in which it is shown that
all the usual results can also be obtained in this formalism.

The major portion of the present article outlines the basic formalism of
relativistic quantum mechanics using the complex quaternion ring notation.
This notation, with the hyperconjugation operation, is very simple and
streamlined. The majority of our formulation is equivalent to that contained
in MacFarlane’s and Brown’s papers.

A new and potentially important concept emerges, however, from the
hypercomplex number approach. By generalizing from a complex number
algebra to a complex quaternion algebra, we are naturally led to explore the
possibility that observables should be generalized from real numbers to
some kind of hypercomplex numbers such that in the non-relativistic limit
they reduce back to real numbers. This pattern of generalization has
repeated itself many times in the advance of physics.

We show in Section 6 that a conserved probability current can easily be
obtained only if /iis not generalized and remains a real scalar. The generaliz-
ation of mass, by adding space-like parts to the real scalar part, seems to be
compatible with all the usual requirements of quantum mechanics, except
that the superposition principle is eliminated and other observables such
as energy become hypercomplex. Particles with zero scalar mass but non-
zero space-like mass could provide a way of describing the different kinds
of neutrinos. The corresponding wave equation is similar to that of the
two-component neutrino theory.

It is our point of view that the proven importance of the Pauli matrices
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and the SU(3) group, along with the dimensionality of space-time, strongly
suggest that the ring of complex quaternions constitutes nature’s natural
number system. If the hyper-mass turns out to be helpful in understanding
neutrinos, then we will have convincing proof.

2. Space-Time Algebra
2.1. Flat Space-Time

In the hypercomplex number formulation of space-time, we represent a
space-time event, with rectangular coordinates (x,,z,¢), by the number

x=xte, (2.1.1)
where {x*, ©=0,1,2,3,} = {ct,x,y,z} and the independent elements e, are
isomorphic to the Pauli matrices:

€gep = €y; e ep=ege, =€, k=1,2,3; 6.6, =28

e e, =ie,, i =+/~1 (cycl. perm.) (2.1.2)
and

€6, =—e.e;, k#7,k#0,j#0
We will find it useful to define eight component hypercomplex numbers

g=(q=" +igi") e, (2.1.3)
(isomorphic to the ring of complex quaternions) and, in addition to the
usual complex conjugate g%, the hyperconjugate g%, where
g* =(qz" —ig")e,, ¢t =" +igiM)e,t
el = e, and ef=—e,k=1,2,3 (2.1.4)
We can readily show that, given two hypercomplex numbers p and g,

(ra)r=g*pt,  (p)*=q*p*, (p** =p¥g¢*  (2.1.5)

and (pH)* = (p*)t.
Hypercomplex numbers g for which g* = g* are isomorphic to the field of
‘real’ quaternions; g¥ = ¢ means g is a complex number; ¢* =g =gt gives a
real number; gt = —g means that ¢g° =0, and will be called a space-like

number.
The flat space-time metric is given by

ds* = g, dxt dx” e, (2.1.6)

where
8w =3(ete, teet+Hete, +ee,Y) 2.1.7)
This gives the usual signature + — — — We define the inner product of two

events x and y by

(x|p) = g ¥ ¥" €0 = H(xty + xpt -+ yix + yxt) (2.1.8)
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Proper Lorentz transformations can now be defined by

x=x"e, —x"e,=L*x&L (2.1.9)

where
F=F%e, and LL=LLi=le, (2.1.10)

so that
Ny =(Z*xZ|L* y L) = (x|) (2.1.11)

For the special case of space rotations we have x* = x° and ¥t =%
(a quaternion). From equation (2.1.10) we see that (since in general
L* £ F1) the eight-part number & contains only six independent para-
meters as required. As examples we give explicitly the transformations Ry
and 2, for rotation through -+¢ about the +z axis and a boost +v along the
+x axis:

x'=Ry*xRy,  Ry=cos(p[2)e;—isin(p/2)e;

X =2 x¥,, L,=cosh(8/2)e,+sinh(6/2)e; (2.1.12)
where tanhf =(-v/c). We readily check that Rz'=R,'=R_;, and
LA=Fr=%_,

Hypercomplex numbers, a = a*e,, which transform as

a—>da=Fta¥ =de,+Ltd" e, %, (2.1.13)

will appear often, and will be called axial 4-vectors. Scalars and space-like
numbers are special cases.
The flat space-time differential operator can be defined as follows

d=0te, ot = 0/ox, and 0t =ote,t=0,e, (2.1.14)
It transforms as a 4-vector,
0—0' =F*0%, and @10 =(2|9) (2.1.15)

Our choice of e;e, =+ie; corresponds to a right-handed coordinate
system. Note that e e, = —ie;t and therefore xt corresponds to a left-
handed coordinate system. Similarly, we find

xi > xt = Fixt Fix (2.1.16)

The usual tensor treatment of vector analysis does not admit a direct
generalization of axial vectors such as r X p when going to four-dimensional
space-time. The totally antisymmetric angular momentum tensor has six
non-zero components, and hence doesn’t find a “vector’ representation. In
the hypercomplex number formulation, however, we have

xXy = 3xty — ytx) = —(x[X )t (2.1.17)
where x and y are 4-vectors. Note that

xXy = x' Xy = Li(xX») & (2.1.18)
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50 that x[X]y is an axial 4-vector. It is natural then to define an angular
momentum axial 4-vector by

L=x[Xp (2.1.19)

where x is the ‘position’ 4-vector and p is the momentum 4-vector. Similarly,
we can define the hyper-curf as (X x.

~ Some examples of how classical physics looks in this notation are given
below:

Generalized momentum

m=p+(e/c)A (2.1.20)
Action
7= —05, Si=§ (2.1.21)
Hamilton-Jacobi equation
(aS+§A|aS+§A):m2c2 (2.1.22)
Energy-momentum
(p|p) = m?c? (2.1.23)
Electron equation
2
mcngxaA+%%[f+(x[x)x] (2.1.24)
where X = d/ds(x).
Electromagnetic fields
—E+iB=03[X|4, E=E*e, B=B‘e, (2.1.25)
Maxwell’s equations
019)4 —0(0|4) =—J (2.1.26)

2.2. Curved Space-Time

We consider now a non-flat space-time [g,, = g,.(x)]. To distinguish
clearly between flat and curved space-time, we replace e, by b,(x) in
writing 4-vectors such as

ds=dx"b, (2.2.1)
Then we have
(ds|ds) = ds* = §(b,* b, + b, b,* + b, b, + b, b,%) dx* dx’
and
gu(x)=4b, b, +b,b, 4+ b2b, +b,b,%) 2.2.2)
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The metric tensor g, must be Lorentzinvariant and a scalar («ey), therefore
we define
bjb,= h;‘we,\ and  (b,*h,)F=b,b, (2.2.3)
whereas b,* is no longer simply related to b, and b, b, is no longer defined.
We define
boeo = by, byey = by, byey=iby=—e, by,
"bitey =—bitet = by, bite, = bt et = +ibi, ete. (2.2.4)
We consider only transformations between reference frames of the form
ds > ds' = L*ds & (2.2.5)

where
L=PLre, and PP =L L= e, (2.2.6)

Such transformations are well defined, since e, b, e, is well defined. Such
transformations are asymptotic to Lorentz transformations for events far
from all matter and will be called free-fall transformations.

For a 4-vector A(x) we define

A(x +dx) = A(x) + dA 2.2.7)
where
d(A(x)) = d(A* b,) = (dA*) b, + A* db, = (DA*) b, (2.2.8)

To first order we can define
db, =1"",\dx"b =g,7,\l""’7dx"b,,§(11 ’|ds) b, (2.2.9)

where ') = I’;"b)\ and ds = dx"b,. Here, the Christoffel-like symbols
T’;j" will be defined to be contravarlant components of the 4-vector I',’, so
that db,, is invariant (as is b,,).
We have then

d(A(x)) = D(A")b, = [dA” + A*(I',"|ds)]b, (2.2.10)
The covariant differential operator 2 is defined by

D=PD", and DNAL)= ZA

+ AR T (2.2.11)

We further define (%) =0, ((I',*|ds)) = 0, 2"(g,,) =0, 27(b,) = 0,
2"(b,*) =0, and (db,,)* = d(b,?). We should also have &' = F*Z.L.

We can see now why b, b, is not defined. Otherwise, consistency dif-
ficulties would arise with things like d(b,b,).

For warped space-time, 4% B and AB* are not equivalent, and we define
a second invariant product

[4|B]=2[A*B — AB* + Bt 4 — BA%] (2.2.12)
This gives rise to the warp operator
[2|2] = 1P+ D — Z9D4] (2.2.13)
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In the flat space-time limit {A|B] goes to zero.
Thus, [Z|2] is a likely choice for a warp-inducing gravitational source
equation,

3. Hypercomplex Constants

The link between algebraic number theory and reality is very profound,
as evidenced by our ability to describe and predict physical phenomena
using equations. If we take the point of view that the ring of complex
quaternions gives the natural number system of space-time, we are naturaily
led to ask: “What is the natural number system which characterizes matter
and energy in this space-time?” We have seen that the classical laws and
their covariance can be simply expressed using complex quaternions. What
about the fundamental constants themselves ? If a fundamental ‘constant’
K transforms as an axial 4-vector,

K=kte, > K =kte,=LtKE =k%ey+ Ltkie; ¥ 3.

then K¥K = {(k)*> — [(k*)? + (K?)* + (K°)*]} e, is invariant and AK trans-
forms as a 4-vector if 4 does. Thus covariant field equations are easily
constructed in this formalism with axial 4-vector coupling parameters such
as charge e, mass m, Planck’s constant /4, and Newton’s constant G.

4. Basic Wave Equations

In formulating covariant field equations using the hypercomplex number
formalism developed in Section 2, three types of fields arise quite naturally.
Their transformation properties are summarized below

s >t =, =1"eo “.1
‘/‘v - 3[’0, =L* ‘rbw ‘/‘u = ‘l‘v# ey (4~2)
¢a - Ql'al =1 ¢a9 l/‘a = Sl'ay ey (43)

The basic postulate for generating quantum equations is that the classical
connonical momentum p — 0.
If ' = L1hY, we can modify this to p — i0h, where 0#A* = #*0*. Then

0'H =iL*0LLINE = FL*iohL 4.4)
and
By oY = (LI P LT o1 L = Prift gt i 4.5)
The simplest zero-mass equations are
iohp,=0 4.6)
(i oh|ioh) =0 “.7

idh, =0 (4.8)
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i 01, =0 , 4.9)
(iohjioh), =0 (4.10)
(i ohliof), =0 4.11)
and
(i h)i 0F) A — i Oh(i 9h| A) = 0 (4.12)
If m' = ZtmY, we can form the following equations:

(i 6 ), = (melme) (4.13)
(i 0hi Oh) o, = (mc|mc) i, 4.14)
(i hi OK) i, = (me|me) i, - (415)

and the coupled equations
iohp, = m* o, (4.16a)
it ot = mey, (4.16b)

Equations (4.16a) and (4.16b) are very similar to the tensor formulation
of the Dirac equation. Here, however, ¢, =i, *e, and i, =,/ e,, which
gives eight complex functions instead of four.

In flat space-time considered here, equations (4.16a) and (4.16b) can be
converted to independent ‘Klein-Gordon’ equations, provided m = m?* and
hi=Hht

iht 0% i Ohfr, = m* me* s, 4.17)
and
i 0Kkt 0% ofr, = mm* c* i, (4.18)

These are essentially equivalent to equation (4.15) and equation (4.14)
respectively, if m = m*.

Since equations (4.16a) and (4.16b) differ from the Dirac equation, it
is of some interest to examine their classical and non-relativistic limits for
comparison. If in the classical limit we assume that i, - exp(iS/h),
ot b, — exp(2iS[h), it — ki, and m* —> m; then multiplication of equation
(4.16a) by its hyperconjugate from the right gives

(8S)(2S)t = m? 2 - (4.19)

If equations (4.16a) and (4.16b) are modified by the usual coupling to the
electromagnetic field, {0/ — 7 =i0h — A(e/c), then the same procedure
(assuming ef —e) yields essentially the Hamilton-Jacobi equation,
equation (2.1.22)

@S + (e/c) A) (DS + (efc) A)t = m? ¢? 4.20)

The non-relativistic limit is obtained from equation (4.17). We replace
ioh by w, the generalized momentum, for comparison with the Pauli
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equation and assume A — h, m¥ — m, e* — e, To'obtain the non-relativistic
limit we take out the rapid time variation of i,

th, = exp (—i-"%"z t) b 4.21)

and then assume the terms containing mc dominate all others. The result is

ih = zﬁa ~ [Z T 5= (01X A) + eAOJ B (4.22)
which can also be written

,ﬁ%%zaz[zw ;h Bteftis }pa (4.23)

Here, A= ¢, B= B*e,and E=E "ek The term involving E, it-has been
argued (Condon & Shortley, 1935), is of order (v?/c2)¢, and therefore can
be neglected. Since e, <> oy, equation (4.23) would be isomorphic to the
Pauli equation, except that i, =~ e,, and has four, instead of two,
independent parts.

We now define the spin operators

S, = ifie, 4.24)
and the raising and lowering operators
S, = 3(S, +iS)), S_=3(S; —iS}) (4.25)

We find that both (e, -+ ie,) and (e, + e3) are spin-up eigenstates of S,, both
(e, — ie,) and (eq— ey) are spin-down states, and that the raising and
lowering operators connect the states as follows

(€1 + ieg) <> (eg—e3), (o +e3) > (e —iey)
We therefore obtain the Pauli equation by the two-to-one identification,
(e; +ie,) and (e + e5) go to spin-up. Similarly, for spin-down. Thus for

mt = mand h¥ = /i, the extra degrees of freedomin i are probably redundant.
We note in concluding this discussion of spin states that

{eg + eq)t* =+(ey — €4) (4.26)
whereas
(el + ieZ)I* = —(el - iez) (4-27)

We look now briefly at the free particle solutions of equations (4.16a)
and (4.16b) for m* = m* = mand ht = i* = /i. We define the energy operator
i0°% and the kth component momentum operator ie%4, k=1, 2, 3. We
further combine ¢, and , into a single matrix,

(0

14
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The rest state solution is by definition given by
i*hfe=0, k=123 (4.29)

We then can obtain uniform velocity states in the usual way by Lorentz
transformation

169 = (19 ) - () (L2728 43

th(x) $/(x)]  \L* (L X' L)
where x — x' = .Z*x.%. We define the parameters p*’ by
p'=p"e,=L*mc¥ 4.31)
and let p% = E’/c. This gives the usual formulas,
E'=ymc*  and V= ymy 4.32)

for transformation to a frame moving along —x with speed —v.
The eight independent rest solutions of equations (4.16a) and (4.16b) for
arbitrary spin can be written as

fomer = xp| = 1230 (£,2) @3
and .
P_mez = €XP [+ % »° xo)] (—a;‘#e:#) (4.39)

where p® =mc, x° = ct and g* is arbitrary. Operation on these functions
with the energy operator i2%% shows that they are states of positive and
negative energy as indicated by the subscripts. The corresponding plane
wave states are given by

Lia ) (4.35)

Pimer = Pip = XD [? %(plx)] ( P

where a = a*e, = b, (e, + ie;) + b, *(ey + e3) + b_'(eg — e3) + b_(e, — iey).
The PCT transformation properties of equations (4.16a) and (4,16b) can
also be examined in the usual way (Brown, 1962).

5. Wavefunction Transformation
If instead of equations (4.2) and (4.3) we try
‘l‘a%ybaI:gISbaga l/‘u_>¢‘v'=$*sllv$, m*‘m,=311’ﬂ$

and > =%tY 5.1
then the following equation is covariant
POk, =, me

it ot , = f,mtc (52)



NATURE’S NATURAL NUMBERS—COMPLEX QUATERNIONS 215

Here 0= ¢, 0¥, h = e, i, m=e,m", ,= e, ", and ¢, = e,y *, as before.
It also follows directly that
Pb=do* o + ¥ Pa= ) ey (5.3)

transforms like a 4-vector. However, direct calculation (taking % = /it = A*,
m = m} = m*, and making use of the wave equation) shows that for

@) = J@P) + [N = L) - W (59

we have

Iyt =0 (5.5)

Thus i) does not meet the requirements of a conserved probability current.
We then go back to the other possibility, which is

b~ b)) =L, and &y, — &, =L*Y, (5.6)
The corresponding wave equation is
i0h), = m*ap,

i 0% 4, — med, -7)

which is covariant since
m* — m* = (LimEL)* = L*m* F1* (5.8)

We then find that in addition to the invariant ¢, + ,%4,, we have the
invariant ¢, * ¢, + ¢, * .. In matrix notation we have

o (igh mzax) (2;) = (néc m?k c) ( ﬁ) (.9
#= (ﬁ:) and - cn = (iga ih:)ai) (5.10)
then ‘ ,
= (n:)c m?‘ c) b —cn' P = (moc mfl c) ¥ (5.12)
and
(0 0)=(5 20 2% L) e
We also have
o=y ((1) (1))‘/‘2[((1) (1))¢]*¢, (5.14)

which is similar to Ji in the usual Dirac theory. We note that

G =h) #@P)F  and (PP =PI A GHY* (5.15)

From equation (5.7) we see also that ¢, does not satisfy a Klein-Gordon
equation unless m = m?, since 9% and m* would not commute.
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6. Conserved Probability Current

Starting with equation (5.7) and considering 4 and m as hyper-numbers
we obtain by suitable manipulation

0% *)eo AY* tha + ,*[eq ) 0%(h,) -+ 0°(h,* )it et ]* b, + o, * [/t €4¥] ()
= ak(¢a*) [ek h]* J7[101 - l;l‘a* [ekh] ak(‘;ba) - ak(lz[’v*) [hi eki]* l[’v
~ i [t e ] 0% Gh,)  (6.1)
If we now assume that /i = /* = /¥, then we have
B OO* ) + hak[¢* (‘(")" eir) ¢] —0 (6.2)

(No restriction on m was needed to obtain this result!)
We therefore define the hyper-number function j as

i - . et 0 .
I I (63
u
and obtain 95 3
070 _ pkrk _ 9p__ 9 -
0% — 9%k =0 or 3 P (6.4)
Because of the covariance of the wave equation, we also have
VY —oF & =0 (6.5)

Therefore j should transform as a 4-vector. Explicitly
~7 — sk’ eyi 0 4 — % gi* 0 e#i 0 gi 0
=y ( 0 )P0 2o eJlo o)t €9

But j is not a satisfactory probability current, because ¥ # (¥ )t We
therefore define

e L N L G A
and
p= 3%+ ()] = [P + b 12 22+ 1)
F [+ 1 1+ [ + 4 (6.8)
From equations (6.4) and (6.7) we verify that
aOJ-O_ak -k:0 (69)
A very tedious explicit calculation confirms that
J=L*jL =j"e, (6.10)

Here j% consists of 128 terms and j* consists of 32 terms. That jis not easily
shown to be a 4-vector is somewhat disturbing. However, the covariance
of equation (6.9) is very convincing evidence in itself. Hereafter we shall
assume that %= At =/* so that j can be interpreted as the probability
current (p is real and positive). Therefore #' = F1hYL = hL*L =} but
m' =LimF + min geveral.
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7. Inner Product

We now define the innerproduct as

Wip> = [FI*$+ @ HHdx (7.1)
Therefore _
p=3l* + ()] = p* = p (7.2)
The following properties are easily verified:
plo>* = (Pl (7.3)
lap|d) = a*{pld) = (bla* by for a=at (7.4)
(hlagy = alip|dy =<a*f|dp> fora=at (7.5)
$plot = (el = <p¥* [y (7.6)
and :

Chlagy = {a*P|$> fora#atora= (a” a”) (1.7)

21 Qa2
We can define the adjoint as follows

<¢lf¢> = <Al (7.8)

Thus for the mass operator defined in equation (5.10) we have

o -5 - 219 o
| b =(H(5 )= ey 0o

Therefore, # # 2" unless m = m*. But if m' = #*m, then in general
m'* = F*mt L (7.11)

so that m = m* = m' =m'* only for space rotations. Recall that R = R*
(a quaternion) for such rotations but in general £t = ¥*. For the special
case m=m* (scalar mass) we have m=m* = m'=m'* =m and then
21 = . When m # m? the wave equation becomes a kind of generalized
eigen-problem with both ¢ and m(y) to be determined:

m() 0 )
AP = m 7.12
=" gy @12
The other extreme case for the mass is m = —m?. Then
mi=(FImLy=Ltm¥ =-FLtm¥ =-—m (7.13)

and
mim =(LrtmLY (L ImL)=mtmLrL =mim (7.14)
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Hence
mim=—[(m')? 4+ (m*)* + (m*)*] (7.15)
gives a scalar representing the mass of such particles. It is very interesting

to note that for m = —mi the two parts of the wave equation become
degenerate and

i, = PE*(quaternion conjugates) (7.16)

We have then
0, = m* i 7.17
when m = —m#, and for a general state m is complex. If m¥ m were very small
but finite, this wave equation could apply perhaps to neutrinos and if so,

account easily for there being more than one kind by assigning different
values of nitm to them.

For the mass expectation value we have

Lty = [ 416 o + @ )t 4 x (7.18)
When m = —m?, so that , = J**, this reduces to
Al = [ 3+ mE¥) g, + o Hm* + m?) ¥1d° x
= [ 4ip+m — )by — hitom — m*) *] d* x
= — Pl (7.19)

Thus if {1, is a quaternion state (b, = s**) the mass expectation value is zero,
otherwise it is imaginary. But ¢,” would also be a quaternion only for
rotation transformations, therefore the mass expectation value would in
general be a non-zero imaginary number for particles with m = —m?*. The
invariant m*m could be chosen real and would characterize the particle in
an invariant way.

The assumption that m # m#, has as its most drastic effect the negation
of the superposition principle. This of itself is not sufficient justification for
its rejection, however. Agreement with experiment must be the final test.

8. Plan Waves and Hyper-Mass

We show now how to find the analogue of plane wave states for a free
particle with m = m*e,. We define energy and momentum operators as

P , o 0
E=ihcd®, FP=ih 3"=—1ha—xk 8.1

and define the rest state ,, by m = m and
P, =0, k=1,2,0r3 (8.2
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Thus we have

m 0
=5 ) )
or equivalently
iho%dy=m*c,, and  ih %Yy, = med,, (8.4
We try a solution of the form
Pam = EXP (— %fcz t) ake, (8.5)
where
E=¢re,=E%y+E and  EE=¢H (8.6)
Direct power series expansion confirms that
exp (i08) = cos(|§|6) + ié—‘ sin (|€]0) 8.7
where
|&] =+ v/(88) = v/(£*£) (8.8)
Substitution of equation (8.5) into equation (8.4) shows then that
mig
Pom=ams ~ €€=m*m  and = (8.9)

Along with equation (8.5) this gives a solution for equation (8.3). If the rest
mass m* = m, we have

f=tm=4m’+m) and ==+l (8.10)

Transformation to a reference frame moving with velocity —v along —x!
shows that a plane wave with velocity parameter +v along +x' is given by

Ltexp [-— % (yéc?t— yfvx‘)] ate,

= ; 8.11)
+L*exp [— 7 (yéctt— ygvxl)} ate,
where
12 v\~l2
L=@Gy+1)2ey+ Gy — 1) e and v = (1 _?)
(8.12)
Direct substitution verifies that .. is a solution of
L*mL 0
mt/’:( . (LxmL)*)‘/‘ (8.13)

and that
v
m=LimL=m"+mle +y(m2 +i2m3)e2 +y(m3 —igmz)e3

(8.14)
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By suitably orienting our coordinates in the rest frame we can make
m? = m? = 0. Then for this plane wave, ,, we have m = m. Note also that
for-this special case [L,e;] = 0 and [£,e,] =0, so that i, can be an eigenstate
of the spin operator 1/e;. Direct calculation, using

LiL=1 and 5’9 exp (if () &) = exp (if (0) &)i Z—,g (8.15)

confirms that i), is a generalized eigenstate of the energy, &,and momentum,
¥, operators as well as the mass operator, »

s (yLtELC? 0 seq  (YL¥ELv 0
L (Y L A (a2
Py, =0 and P3P, =0 (8.16)

This gives the eigenvalues
E=yLtéLc* =4yme* and  p'=yLliflv=1ymv  (8.17)
where m is given by equation (8.14).

The rest state norm gives, using equation (6.8),

Gl = [ presd® x =201 + a2+ @22+ ) [ &
=[a*q +’(a*a)?]fd3x (8.18)

As before, we obtain no restriction on a = a*e,, for the positive or negative
energy states. The hypercomplex mass has had no effect on this result.
There still appear to be twice as many internal states as for the Dirac
equation, ,

The hypernumber a can be written in terms of eigenstates of the spin
operator e, as follows

a=">by(eq+ e)) + byle; + ies) + biley —iey) + byfeg —ey) (8.19)
We can directly verify that
Prest = @* @+ (a* @)% =2[|by,|* + [bay|* + |B1a? + [2a]?]  (8.20)

The states (e, +e,) and (e, + ie;) are spin-up; the states (e;— e;) and
(e, — ies) are spin-down along x', and all four are mutually orthogonal.

For the special case i, = {*, we get a reduction in the internal degrees
of freedom and an interesting condition on the spin state. Applying
b, = J* to equation (8.11) we get

' Liexp [— %(y’écz —v§ vxl)] a.
e = (8.21)

I# exp |~ £ (75t = o) | (@
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where
a*=aq, and aF=-a_ (8.22)
Putting equation (8.22) into equation (8.19) gives
a=4at* = b =4by, and  bi,=TFby, (8.23)

or
= by (eq+ €) + bi(eg — 1) + byfes + iey) — bl (e, — ies)

. 24
o bont o) Bhler— o)+ buter e+ bt (o —icy 2D

We are free to set b;, or b,, equal to zero, but in either case the rest state has
equal probability of spin-up or spin-down. Remember that e, commutes
with § only when our axes are oriented such that m? and m?® are zero.
Otherwise, e; ¢y would not have e, operating directly on a.

Thus for particles with m = —m?, there are only two internal degrees of
freedom for each sign of the energy in the rest state, but these are not spin
degrees of freedom if e, is properly interpreted as the spin operator.

9. Spin and Spherical Potentials

If we define the angular momentum operator as

7="Lxip—pix] ©.1)
where
x =xke, and p=pFe, =iid* e, =~ haak 9.2)
then we obtain
J=[(x2p? — x* p?) + Yhe,]e;, + (cycl. perm.) 9.3)
Therefore
Jl=x2p? —x3p? + Yhe, =L + St 9.9

automatically has the spin operator included in the hyper-number definition
of angular momentum.
We define another angular momentum operator

k=J—Lhey=L* e, + fie, (9.5)

and find that
kk = (J')? + (792 + (J?? -+ 302 (9.6)
Thus k has eigenvalues (Schiff, 1955) +(j + 1)/ = +hi, +24, ..., and J has
eigenvalues —4/, 234, 434, .... As we shall see, k rather than J plays a
significant roll in spherlcally symmetrlc problems. This is strange since J

has such a seemingly natural form in the hyper-number formalism. Its
Jowest eigenvalues do have a peculiar asymmetry, however.
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The wave equation, with /A0 — ih0 — Ae/c, can be written as

ific 3% = —c(g 1“?*) b+ (/ée (Aoe)if) b+ c? (;(; né*)‘ﬁ = Iy
9.7)

Remember, it is possible that ¢’ = Zte.? and m' = Lim¥, which greatly
complicates the problem. Perhaps some compelling argument can be found
to justify e = et for the charge, as we found for # = At = #*. If m # mt and/or
e # et, then k will seemingly not commute with e or m.

‘We now convert  to spherical coordinates. By substituting from equation
(9.1) and denoting x =r, we can easily show that

A r A, A .5
p= B+ pin) —iJ] 9.8)
This gives
b L Bih— (1 2+ ) - i = — | i i L — i
rir'? r?l2 or
(9.9)

‘We now define independent spherical hyper-numbers analogous to basis
vectors

o= x*e, T o = xtxde; — x2x3 ey — ((x1)? + (x))) ey
TV BT VG + 2P| ’
42 1
ey = X e txe 9.10)
VI + (x2]
It can be directly verified that
e.e. = eg, epey = €, ey €4 = €, e eq = iey,
egey = i, g e, = leg, e, ey =—ege,, egey =—ey ep,
ege = —e ey, et =—e, egt = —ey and eyt =—ey
9.11)
We then have
R - I X

By using equations (9.1), (9.5) and (9.10) we can show that k and e, anti-

commute. Also,
1 0 01
o) = (o

anticommute ; therefore
01 i
1 0
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1 0\,
0o —1)P

That k commutes with 1/r follows from equation (9.5) and the fact that L*
involves only 8 and ¢ and their differentials.

If we now try to solve say the coulomb problem we run up against the
problem of separating ¢ into radial and angular parts. This needs further
study. If we make the plausable assumptions that in equations (9.7) and
(9.12), k can be replaced by its eigenvalue /ik if ¢ is taken to be *(r) e,, and
m=mi, e = e¥, we get the same energy levels as the Dirac equation for the
coulomb potential.

This shows that the hyper-number formulation given here is probably
correct for ordinary quantum phenomena, but does it contain anything new ?
The anisotropic hyper-mass and the generalized eigenproblem are, I think,
new. Whether they will prove physically significant remains to be seen.

commutes with
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